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Abstract. Following TER nets,an approachto the modellingof time in high-
level Petri nets,we proposea modelof time within (attributed)graphtransfor-
mation systemswherelogical clocksare representedasdistinguishednodeat-
tributes.Correspondingaxiomsfor the time modelin TER netsaregeneralised
to graphtransformationsystemsandsemanticvariationsarediscussed.They are
summarisedby ageneraltheoremensuringtheconsistency of temporalorderand
casualdependencies.
The resultingnotionsof typedgraph transformationwith timespecialisetheal-
gebraicdouble-pushout(DPO) approachto typedgraphtransformation.In par-
ticular, theconcurrency theoryof theDPOapproachcanbeusedin the transfer
of thebasictheoryof TER nets.

1 Intr oduction

Recently, a numberof authorshave advocatedthe useof graphtransformationas a
semanticframework for visualmodellingtechniquesbothin computerscienceanden-
gineering(see,e.g.,thecontributionsin [3,4]). In many suchtechniques,themodelling
of time playsa relevantrole. In particular, techniquesfor embeddedandsafetycritical
systemsmakeheavy useof conceptslike timeouts,timing constraints,delays,etc.,and
correctnesswith respectto theseissuesis critical to the successfuloperationof these
systems.At thesametime,thoseareexactly thesystemswhere,dueto thehighpenalty
of failures,formally basedmodellingandverificationtechniquesaremostsuccessful.
Therefore,neglectingthetime aspectin thesemanticsof visualmodellingtechniques,
we disregardoneof thecrucialaspectsof modelling.

So far, the theoryof graphtransformationprovidesno supportfor the modelling
of time in a way which would allow for quantifiedstatementslike “this actiontakes
200msof time” or “this messagewill only beacceptedwithin thenext threeseconds”,
etc.However, from amoreabstract,qualitativepointof view wecanspeakof temporal
andcausalorderingof actionsthusabstractingfrom actualclock andtimeoutvalues.
Particularlyrelevantin thiscontext is thetheoryof concurrency of graphtransformation,
see[1,6,14] or [2] for a recentsurvey.
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It is theobjectiveof thispaperto proposeaquantitativemodelof timewithin graph
transformationwhichbuildsonthismoreabstractqualitativemodel.Therefore,wewill
notaddtimeconceptsontopof anexistinggraphtransformationapproach,but weshow
how, in particular, typedgraphtransformationsystemsin the double-pushout(DPO)
approach[6] canbe extendedfrom within with a notion of time. This allows both the
straightforwardtransferof theoreticalresultsandthereuseof existing tools.

In a recentpreliminarypaper[10], we have alreadyoutlinedour approach,propos-
ing severalalternativedefinitionsanddiscussingtheir consequenceswith respectto the
existenceof a globally time-orderedsequenceof transformations.Suchpropertyis de-
sirablebecauseit witnessestheconsistency of timevaluesattachedto verticeswith the
causaldependenciesbetweensteps.In this paper, we refinethe alternativesdiscussed
in [10] andproveageneralconditionongraphtransformationsystemswith timeensur-
ing thedesiredconsistency property, thuseffectively solvingtheproblemposedin [10]
in themostgeneralcase.

Thefollowing sectionoutlinesourgeneralapproachof theproblem,which is moti-
vatedby acorrespondingdevelopmentin Petrinets,briefly to bereviewedin Section3.
Graphtransformationwith time is introducedandinvestigatedin Section4 while Sec-
tion 5 concludesthepaper.

2 From Netsto Graph Transformation, with Time

Whentrying to incorporatetime conceptsinto graphtransformation,it is inspiring to
studytherepresentationof time in Petrinets.Netsareformally andconceptuallyclose
to graphtransformationsystemswhichallowsfor thetransferof conceptsandsolutions.
This hasalreadyhappenedfor relevantpartsof theconcurrency theoryof netswhich,
asmentionedabove,providesa qualitative modelof time basedon thecausalordering
of actions.

In particular, we will follow the approachof time ER nets[11]. Thesearesimple
high-levelnetswhichintroducetimeasadistinguisheddatatype.Then,timevaluescan
be associatedwith individual tokens,readandmanipulatedlike othertoken attributes
whenfiring transitions.In orderto ensuremeaningfulbehaviour (like preventingtime
from goingbackwards)constraintsareimposedwhich canbecheckedfor a givennet.
Theadvantageof thisapproachwith respectto ouraimsis thefactthattimeis modelled
within theformalismratherthanaddingit on top asanew formal concept.

Basedon thecorrespondenceof Petrinetsand(typed)graphtransformation,which
regardsPetri netsasrewriting systemson multi-setsof vertices[5], we canderive a
modelof time within typedgraphtransformationsystemswith attributes.The corre-
spondenceis visualisedin Table1. Besides(low-level) place-transitionnetsandtyped
graphtransformationsystems,it relates(high-level) environment-relationshipnetsto
typedgraphtransformationwith attributes.This relationship,which hasfirst beenob-
served in the caseof algebraichigh-level nets [8] and attributed graph transforma-
tion [17] in [18], shall enableus to transferthe modelling of time in time ER nets
to typedgraphtransformationwith attributes.

Next, we review time environment-relationship(TER) nets[11] in orderto prepare
for thetransferto typedgraphtransformationsystemsin Section4.
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Table1. CorrespondingPetrinetandgraphtransformationvariants

Petrinetsgraphtransformationsystems
low-level PT nets typedgraphtransformation(TGT)
high-level ER nets typedgraphtransformationwith attributes(TGTA)
with time TER netstypedgraphtransformationwith time(TGTT)

3 Modelling Time in Petri Nets

Therearemany proposalsfor addingtimeto Petrinets.In thispaperweconcentrateon
oneof them,time ER nets[11], which is chosenfor its generalapproachof consider-
ing time asa token attribute with particularbehaviour, ratherthanasan entirely new
concept.As aconsequence,timeER netsareaspecialcaseof ER nets.

3.1 ER nets

ER (environment-relationship)netsarehigh-level Petri nets(with theusualnet topol-
ogy) wheretokensareenvironments,i.e., partial functions ���
	���
�� associating
attributevaluesfrom agivenset � to attributeidentifiersfrom agivenset 	�� . A mark-
ing � is amulti-setof environments(tokens).

To eachtransition� of thenetwith pre-domain� ������� ��� andpost-domain���� ����� ���� ,
anaction ��� �"!$#&%('*) �,+ %('*) �

is associated.Theprojectionof ��� �"! to thepre-domain
representsthefiring condition,i.e.,apredicateonthetokensin thegivenmarkingwhich
controlstheenablednessof the transition.If the transitionis enabled,i.e., in thegiven
marking � thereexist tokenssatisfyingthe predicate,the action relationdetermines
possiblesuccessormarkings.

Formally, a transition � is enabled in a marking � if there exists a tuple- �/.0��12��354��"67#8��� �"! suchthat �/.0�:9;� (in thesenseof multisetinclusion).Fixing this
tuple, the successormarking �<� is computed,asusual,by �<�>=?� �A@8�/.0�0!CB���354�� ,
and this firing step is denotedby �ED �F�G�/.0��12��354��"!H6I�&� . A firing sequenceof 4A=
�KJ�D � � �L�/.0� � 12��354�� � !"6 ����� D �"MON � �G�/.0�0MON � 12��354��"MON � !"6I�PM is just a sequenceof firing steps
adjacentto eachother.

3.2 Time ER nets

Time is integratedinto ER netsby meansof a specialattribute, calledchronos, rep-
resentingthe time of creationof the token asa time stamp.Constraintson the time
stampsof both(i) giventokensand(ii) tokensthatareproducedcanbespecifiedby the
actionrelationassociatedto transitions.To providea meaningfulmodelof time,action
relationshaveto satisfythefollowing axiomswith respectto chronosvalues[11].

Axiom 1: Local monotonicity For any firing, the time stampsof tokensproducedby
thefiring cannot besmallerthantimestampsof tokensremovedby thefiring.

Axiom 2: Uniform time stamps For any firing �8D �F�L��.Q��1R��354��"!"6S�<� all time stampsof
tokensin ��354�� havethesamevalue,calledthe timeof thefiring.

3



ICGT 2002:First InternationalConferenceon GraphTransformation
pp.120–134,LNCS 2505,Springer, Oct 7 – 12,2002,Barcelona,Spain

Axiom 3: Firing sequencemonotonicity For any firing sequence4 , firing times
shouldbemonotonicallynondecreasingwith respectto their occurrencein 4 .

The first two axiomscanbe checked locally basedon the action relationshipsof
transitions.For thethird axiom,it is shown in [11] thateverysequence4 whereall steps
satisfyAxioms 1 and2 is permutationequivalentto a sequence4O� wherealsoAxiom 3
is valid. Here,permutationequivalenceis theequivalenceon firing sequencesinduced
by swappingindependentsteps.Thus,any firing sequencecanbeviewedasdenotinga
representative,which satisfiesAxiom 3.

It shallbeobservedthatTER netsarea propersubsetof ER nets,i.e., the formal-
ism is not extendedbut specialised.Next, we usethe correspondencebetweengraph
transformationandPetri netsto transferthis approachof addingtime to typedgraph
transformationsystems.

4 Modelling Time in Graph Transformation Systems

Typedgraphtransformationsystemsprovidea rich theoryof concurrency generalising
thatof Petrinets[2]. In orderto representtime asanattributevalue,a notionof typed
graphtransformationwith attributesis required.We proposean integrationof the two
concepts(typesandattributes)whichpresentsattributevaluesasverticesandattributes
asedges,thusformalisingtypedgraphtransformationwith attributesasa specialcase
of typedgraphtransformation.

Next, we give a light-weight (set-theoretic)presentationof the categorical DPO
approach[9] to thetransformationof typedgraphs[6].

4.1 Typed graph transformation

In typedgraphtransformation,graphsoccurattwo levels:thetypelevelandtheinstance
level [6]. A fixedtypegraph TVU (whichmaybethoughtof asanabstractrepresentation
of a classdiagram)determinesa setof instancegraphs

- UW1"XY�ZU[
\TVU]6 which are
equippedwith a structure-preservingmappingX to thetypegraph(formally expressed
asa graphhomomorphism).

A graph transformationrule �^�`_a
cb consistsof a pair of T,U -typedinstance
graphs_d1Hb suchthat theunion _8ePb is defined.(This meansthat,e.g.,edgeswhich
appearin both _ and b areconnectedto thesameverticesin bothgraphs,or thatvertices
with thesamenamehave to have thesametype,etc.)The left-handside _ represents
thepre-conditionsof therulewhile theright-handside b describesthepost-conditions.

A graphtransformationfrom apre-stateU to apost-statef , denotedby Uhg0ikj"l=nmof ,
is givenby agraphhomomorphism3p�q_reKbs
tU^euf , calledoccurrence, suchthat

– 3v�2_�!xw;U and 3v�2b(!xw;f , i.e., the left-handsideof therule is embeddedinto the
pre-stateandtheright-handsideinto thepost-state,and

– 3v�2_zy>b7!�={U^y>f and 3v�Rb|y>_}!C={f~y$U , i.e.,preciselythatpartof U is deleted
whichis matchedby elementsof _ notbelongingto b and,symmetrically, thatpart
of f is addedwhich is matchedby elementsnew in b .
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A transformationsequenceU7Jdg���ikj��Il=Zm �����0g���i�j"�5l=Zm U(� is a sequenceof consecutive trans-
formationsteps.

On transformationsequences,a notionof equivalenceis definedwhich generalises
thepermutationequivalenceon firing sequences:two sequencesareequivalentif they
canbe obtainedfrom eachotherby repeatedlyswappingindependenttransformation
steps.This equivalencehasbeenformalisedby the notion of shift-equivalence[14]
which is basedon thefollowing notionof independenceof graphtransformations.Two

transformationsU g���ikj��Il=Zm f � g��FikjH�"l=Zm � areindependentif theoccurrences3 � �2b � ! of the
right-handsideof � � and 3 � �2_ � ! of the left-handsideof � � do only overlapin objects
thatarepreservedbybothsteps,formally 3 � �2b � !��C3 � �R_ � !>w�3 � �2_ � �Cb � !��C3 � �R_ � �
b � ! .
This is moresophisticatedthanthe notion of independentfirings of transitionswhich
arerequiredto useentirelydisjoint resources.

4.2 Typed graph transformation with attrib utes

Assumingasetof datatypesymbols� , a typegraphwith attributedeclarations(based
on � ) is a graph T,U whosesetof verticesT,Up� contains� . Therefore,datatypesym-
bolsarevertex typessothatedges,representingattributedeclarations,maybedrawn to-
wardsthemfrom ordinaryvertices.Thisis compatiblewith notionsof attributedgraphs,
like [17], whereattributecarriersareusedto relategraphelementsanddatavalues.No-
tice, however, thatwe limit ourselvesto attributedvertices,andthatwe do not extend
but refinethenotionof graph.

Givena datadomain ��� for every datatypesymbol 4 , an instancegraphwith at-
tributesover the typegraph TVU is an instancegraph

- UW1SXY�ZU�
�T,U]6 over TVU (in
theabove sense)suchthat X N � �R4Q!7=a���Ww�Up� . Therefore,all vertices��#�Up� with
X��2��!�#�� representattribute valueswhich may or may not be referencedby an edge
from anothervertex. As a consequence,instancegraphswill beusuallyinfinite. E.g.,if
thedatatype � �� of naturalnumbersis present,each'8#K� �� will beaseparatevertex.

Morphismsbetweeninstancegraphswith attributes
- UW1SXr��U�
�T,U]6 and

- fP1��8�
fo
�T,U]6 aretypedgraphmorphisms�8�vU�
�f , i.e.,graphmorphismscompatible
with the typing ( �: ,��=hX ) andpreservingthe datadomains;formally �¢¡ £�=h¤I¥q¦}§ ¨ ,
if we denoteby �¢¡ £s��U:¡ £;
�f�¡ £ the restrictionof �©� to vertices ��#�� of type
X��2��!$#P� .

Fromthispointon,all othernotions,likerule,occurrence,transformation,transfor-
mationsequence,etc.aredefinedasin the previoussubsection.Also, relevant results
liketheLocalChurch-RosserTheorem,theParallelismtheorem,andthecorresponding
equivalenceontransformationsequencesbasedonshiftingor swappingof independent
transformationsareeasilytransferred.

It is worthnoticingthat,in contrastwith ERnets,attributesin our modelaretyped,
that is, different typesof nodesmay have differentselectionsof attributes.However,
like in ER nets,our datatypeshaveno syntax:We only considersetsof valueswithout
explicit algebraicstructuregivenby operations.As aconsequence,wedonotexplicitly
representvariableswithin rulesandvariableassignmentsaspartof occurrences:A rule
containingvariablesfor attributecalculationandconstraintsis consideredasa syntac-
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tic representationof the (possiblyinfinite) setof its instanceswherethevariablesand
expressionsarereplacedby concretevalues.

4.3 Typed graph transformation with time

To incorporatetime into typedgraphtransformationwith attributes,we follow theap-
proachof TERnetsasdiscussedin Section3. Therefore,a timedatatypeis requiredas
domainfor time-valuedattributes.

A timedatatype Tª= - �¬« ­ �>® 1�B¯1H°�1�±,6 is astructurewhere ± is apartialorderwith
° asits leastelement.Moreover,

- B¯1�°q6 form a monoid(that is, B is associative with
neutralelement° ) and B is monotonewrt. ± . Obviousexamplesincludenaturalor real
numberswith theusualinterpretationof theoperations,butnotdatesin theYY:MM:DD
format(e.g.,dueto theY2K problem).

A typegraph with time T,U is a type graphwith attribute declarationsbasedon a
setof datatypesymbols� thatcontainsaspecialsymbol �I¤²�&� . An instancegraphwith
time over TVU for a given time datatype T[= - � « ­ �$® 1�B¯1H°/1�±,6 is an instancegraph- UW1SXz��U³
´T,U]6 over T,U suchthat thedatatypesort �I¤²�<� is interpretedby � « ­ �>® ,
thatis, � « ­ �>® =¶µ��P#&Up�,¡ X��2��!C=^�I¤²�<�q· . Graphmorphismsaredefinedasbefore.

Givena graphtransformationrule �E�/_^
�b over a typegraphwith time,we say
that

– � readsthechronosvalue ¸ of ) if )u#r_ hasa chronosattributeof value ¸ , thatis,
thereexistsanedge�p#<_ with 4�.0¸5�R�Q!}=|) and �S¹�.v�2�0!C=ª¸V#&�¬« ­ �>® .

– � writesthechronosvalue ¸ of ) if )&#rb hasa chronosattributeof value ¸ which
is not presentin _ , i.e., thereexistsanedge��#E_ with 4�.Q¸©�2�0!,=s) and �S¹�.v�2�0!d=
¸x#&�¬« ­ �>® and ��º#&_ .

Givena transformationU�g0ikjHl=Zm»f we saythat ���R35! reads/writesthechronosvalueof ¼
if thereexists ):#P_Peub suchthat 3v� )v!C=|¼ and� reads/writesthechronosvalueof ) .

It is importantto notethat,writing anattributevalueof avertex ) whichis preserved
by therule (i.e., it belongsbothto _ and b ) meansdeletingtheedgefrom ) to theold
valueandcreatinga new link to anothervalue.Therefore,in this case,writing implies
readingthevalue.

Thedefinitionof graphtransformationruleswith time hasto take into accountthe
particularpropertiesof timeasexpressed,for example,by theaxiomsin Section3. The
directtransferof axioms1 and2 leadsto thefollowing well-formednessconditions.

A graph transformationrule with time is a graphtransformationrule over a type
graphwith time satisfyingthefollowing conditions.

1. Local monotonicity: All chronosvalueswritten by � are higher than any of the
chronosvaluesreadby � .

2. Uniform duration: All chronosvalueswrittenby � areequal.

A graphtransformationsystemwith time is anattributedgraphtransformationsys-
temovera typegraphwith timewhoserulessatisfytheconditionsabove.

This ensurea behaviour of time which canbedescribedinformally asfollows.Ac-
cordingto condition1 anoperationor transactionspecifiedby a rule cannottake nega-
tivetime,i.e., it cannotdecreasetheclockvaluesof thenodesit is appliedto. Condition
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2 statesanassumptionaboutatomicityof rule application,that is, all effectsspecified

in theright-handsideareobservedat thesametime.Givena transformationU gQi�j"l=Zm½f
usingrule � , this timefiring time, is denotedby �I¤²�<���G���235!H! .

Notice that,dueto themoregeneralnatureof typedgraphtransformationin com-
parisonwith ERnets,thereexist someadditionaldegreesof freedom.

Existenceof time-lessvertex types: ERnetsareuntyped(thatis, all tokenshave(po-
tentially) thesameattributes)while in typedgraphtransformationwe candeclare
dedicatedattributesfor every vertex type.Therefore,we do not have to assumean
attribute chronos for all vertex types,but could leave the decisionabouthow to
distributechronosattributesto thedesigner. As weconsidertimeasadistinguished
semanticconcept,which shouldnot beconfusedwith time-valueddata,we do not
allow morethanonechronosattributepervertex. This doesnot forbid usto model
additionaltime-valueddataby ordinaryattributes.

Updateof chronosvaluesfor preservedvertices: The second degree of freedom
comesfrom the(well-known) fact thatgraphtransformationsgeneralisePetrinets
by allowing contextual rewriting: All tokensin thepost-domainof a transitionare
newly createdwhile in theright-handsideof agraphtransformationrule theremay
beverticesthatarepreserved.Thisallowsto leavethechronosvaluesof verticesin
_r�<b unchanged,creatingnew timestampsonly for thenewly generateditems.

If we take in bothcasesthemostrestrictivechoice,i.e.,chronosvaluesfor all types
andupdateof chronosvaluesfor all verticesin b , we canshow, in analogywith TER
nets,thatfor eachtransformationsequence4 usingonly rulesthatsatisfytheabovetwo
conditions,thereexistsan equivalentsequence4O� suchthat 4O� is time-ordered,that is,
time is monotonicallynon-decreasingasthesequenceadvances.

Theorem1 (global monotonicity). Givena graphtransformationsystemwith time ¾
such that

– its typegraphdeclaresa chronosattributefor everyvertex type
– its ruleswrite thechronosvaluesof all verticesin their right-handsides.

In this case, for every transformationsequence4 in ¾ there existsan equivalentse-

quence 4O�&=¿U7J g � ikj � l=Zm ����� g � ikj � l=Zm U(� in ¾ such that 4O� is time-ordered, that is,
�I¤À�&���L��­"�230­²!"!>9��I¤²�<���G��­kÁ � �R30­ N � !H! for all ¤
#8µO°�1 ����� 1"'Â· .

Proof. As a consequenceof Theorem2 below.

This is no longertrue if we usethemoreliberal interpretationin any of theabove
choices,asshown by thefollowing example.

Example. Figure1 shows a typegraph T,U anda (generic)instancegraph 	�U of T,U ,
respectively. Thetypegraphdefinesthreevertex types:T]Ã©1HTVÄ and T,Å . For TVÄ and T,Å
chronosattributesaredeclared,while T]Ã hasno attribute.(Our exampledoesnot need
edges.)

TheinstancegraphcontainsnodesÆ¶�©T]Ã (i.e.,a T]Ã -typednodenamedÆ ), Ç��qTVÄ ,
and ÈÉ��T,Å , where È hasthechronosvalue ¸�Ä andthechronosvalueof Ç is ¸�ÄxB^Å .

7
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       T1         T2
chronos:nat

     T3

chronos:nat

    A:T1       B:T2
chronos=c2+3

     C:T3

chronos=c2

Fig.1. Typegraph(left) andinstancegraph(right)

Two rules,� � and� � , aredefinedin Figure2. By applying� � , nodes¹K�©TpÃ and Êx�qTVÄ
arematchedandthechronosvalueof Ê is increasedby 4 timeunits.

Rule � � requiresnodes¹u�5T]Ã and Êd�5TVÅ . Theformeris deletedandthetime of the
latter is increasedby Ä units. (Note, that the useof similar namesdoesnot imply any
connectionbetweentheelementsof differentrules.)

pp11     a:T1     b:T2

chronos+4

pp22

time(o11)=o11(b).chronos+4

time(o2 )=o22(c).chronos+2

    a:T1     b:T2

chronos

    a:T1     c:T3

chronos

    c:T3

chronos+2

Fig.2. RulesË � andË �

An applicationof theserulesto theinstancegraphin Figure1 is shown in Figure3.
Both � � and � � areapplicableto thegraph.Applying first � � andthen � � leadsto the
graphin thelower right. In this sequence,first thechronosvalueof Ç is increased,and
then Æ is deletedand the chronosvalueof È is increased.The occurrencesand the
firing timesof thestepsaredenotednext to thearrows.

At this point, two observationsarecrucial.First, thetwo stepsarenot independent,
that is thereexists no equivalentsequencewhere� � and � � areappliedin the reverse
order. This is becauseÆh#��R3 � �2_ � �&b � !H!n�&3 � �2_ � y>b � !H! , i.e., Æ is deletedby � � but

requiredby � � . Second,the sequence	�U[gO��ikj��Il=Zm 	qU � g���ikj"�Hl=Zm 	�U � is not time-ordered
becausethefiring time of thelatteris smallerthanthefiring time of thefirst.

Notethat,if Æ would havea chronosattributeandall chronosvalueswould beup-
datedasrequiredby Condition2, Æ shouldget �I¤²�<���L� � �23 � !"! thusdisablingits deletion
at a lower time.

Moregenerally, theproblemis to ensuretheconsistency of causalityandtimein the
sensethat,whenever two stepsarecausallydependent,they mustcommunicatetheir
clock values.Indeed,this ideais crucial to many algorithmsfor establishingconsistent
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time(o22)=c2+2time(o22)=c2+2

    A:T1       B:T2
chronos=c2+3

     C:T3

chronos=c2

p1(o11))

p2(o22))

        o22(a)=A
        o22(c)=C

    o11 (a)=A
    o11 (b)=B

p2(o22))

        o22(a)=A
        o22(c)=C

    o11 (a)=??
    o11 (b)=B

time(o11)=c2+7

p1(o11))

IG IG11

IG22

    A:T1       B:T2
chronos=c2+7

     C:T3

chronos=c2

      B:T2
chronos=c2+7

     C:T3

chronos=c2+2

IG33

      B:T2
chronos=c2+3

     C:T3

chronos=c2+2

Fig.3. Rulesequence

globaltimein distributedsystems,basedonlogicalclocks.Thenext theoremformalises
this statement.

Theorem2 (global monotonicity). Givena graphtransformationsystemwith time ¾
such that for all transformationsUÌgO��ikj��Il=Zm �´gF��ikjH�"l=Zm f in ¾ that are not sequentially
independent,there existsa vertex ):#P3 � �2b � !*�<3 � �2_ � ! whosechronosvalueis written
by � � andreadby � � . In thiscase, for everytransformationsequence4 in ¾ thereexists

an equivalentsequence4���=^U7J g � ikj � l=nm ����� g � ikj � l=nm U(� in ¾ such that 4O� is time-ordered.

Proof. Themainline of theproof is asfollows.

1. Our first observation is that the fact that two transformationsU?g���ikj��Il=Zm �¿g���ikj"�Hl=Zm
f are not sequentiallyindependentimplies that they are time ordered, i.e.,
�I¤²�<���L� � �R3 � !"!¯9��I¤²�&���L� � �23 � !"! . This is guaranteedby theexistenceof a common
vertex )�#;3 � �2b � !C�E3 � �2Í � ! with a chronosvaluewritten by � � andreadby � � ,
which is
(a) exactly thetime of transformation� � �23 � ! (dueto the“uniform duration” con-

dition),
(b) at most the time of transformation� � �23 � ! (as a consequenceof the “local

monotonicity”condition).
2. Thenif two transformationsarenot time ordered andthey aresequentiallyinde-

pendent, we swap themin the rule applicationsequence1 . We continuethe swap
operationuntil nosuchtransformationpairscanbefound.

1 This algorithmis, in fact,conceptuallysimilarly to the trick appliedin the constructionof a
shift equivalenttransformationsequence.

9



ICGT 2002:First InternationalConferenceon GraphTransformation
pp.120–134,LNCS 2505,Springer, Oct 7 – 12,2002,Barcelona,Spain

3. Westatethataftertheterminationof thisswappingalgorithm,atimeorderedtrans-
formationsequenceis obtained.

(a) Let ussupposeindirectlythatthereexist two transformationsU g�Î0ikjHÎFl=Zm � g�Ï�ikj�Ï²l=Zm
f that violate the conditionof time orderedsequences,i.e. �I¤²�<���L��Ð��235Ð0!H!�Ñ
�I¤²�<���G��Ò��235Ò�!"! .

(b) However, if thesetransformationsaresequentiallyindependentthenthealgo-
rithm in Item 2 canstill beappliedto them,which contradictstheassumption
of termination.

(c) On the otherhand,if transformations��Ð��235Ð©! and ��Ò��235Ò�! arenot sequentially
independent(but they arenot time orderedby the indirect assumption),then
we have a contradictionwith our first observation,which establishedthat two
sequentiallydependenttransformationswith acommonvertex arealwaystime
ordered. ÓÔ

Notice that the condition above can be effectively verified by checkingall non-
independenttwo-stepsequencesin ¾ where�K=ª3 � �Rb � !ZeK3 � �R_ � ! .

4.4 An examplefor time orderedsequences

In the sequel,our main theorem(Theorem2) is discussedfrom a practicalpoint of
view on asmallexampleof acommunicationsystem,whichmodelsprocessessending
messages to eachother via channels. A messageis sentvia an output channelof a
process,which stores the messageuntil received via the input channelof the other
process.The structureof our communicationsystemis capturedon the type graphof
Fig. 4, while a samplesystemcontainingonly two processesÕ � and Õ � with a single
channelÈ betweenthemis alsodepictedthere.

ÖR×�Ø¬ÙzÚ,ÛQÜ�Ø(Ý

Message

ÞRß}à ÖIÜ ßVá ÙâÚVÛ�ÜZØ(Ý

Channel

Pr ocess

ch r onos

P1: Proc ess

ch r onos =3

P2: Proc ess

ch r onos =1

C: Chann el

InOut

St ored

:O ut

: I n

Fig.4. A communicationsystem:typeandinstancegraphs
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We introducethefollowing two basicoperations(seeFig. 5) thatcanbeperformed
in our system.

p: Proce ss

  chron os=c

 c : Channel

p: Proce ss

ch r onos =c+2

 m: Message c : Channel

ti me( se nd)=c +2

ã�ä/å�æ

p: Proce ss

  chron os=c

 m: Message c : Channel

ti me( re ceive ) =c+2

ç ä�èqä�é ê�ä
p: Proce ss

ch r onos =c+2

 c : Channel

o: Out o: Out

s: Store d

i: I n i: I n

s: Store d

Fig.5. Sendingandreceiving messages

– Sendingmessages:Whenprocess� � aimsatsendingamessage,amessageobject
� is generatedandplacedinto the outputchanneļ . The applicationof the send
rule takes Ä timeunits.

– Receiving messages:Whena message� arrivesat the input port of a process� ,
then the processreceivesthe messageby removing the messageobject from the
channelanddestroying it afterwards.The applicationof receiverule takes Ä time
unitsaswell.

One can easily check that both rules satisfy the well-formednessconditionsfor
graphtransformationruleswith time.However, thesendrulecomputesits timefrom the
chronosvalueof thesenderprocessÕ � , while the receiverule takesits time from (the
chronosvalueof) thereceiverprocessÕ � , but no timestampsareattachedto messages.

This turnsout to be insufficient to guaranteethe existenceof time orderedtrans-
formation sequences,when considering,for instance,the transformationdepictedin
Fig. 6. In this case,theclock of thesenderprocessÕ � is aheadof thechronosvalueof
the receiver process( ¸��/.Q3Q'Z354��RÕ � !]=~Å vs. ¸���.03Q'Z354��2Õ � !¯=[Ã ). Sinceno timestamps
areattachedwhena messageis sent,the receiver cannotsynchroniseits clock to the
senderwhenthe messageis processedyielding a transformationsequencethat is not
time ordered( �I¤À�&���R4O�O'Z¥�!$=�ë but �I¤²�<��� .0�Q¸F�O¤²)��0!>=¶Å aseachoperationtakes2 time
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units).However, we cannotswapthetwo transformations4O��'Z¥ and .0�Q¸F�O¤²)�� sincethey
arenot sequentiallyindependent.

receive(o2)
o2(p ) =P2, o 2(c)= C

o2(m) =?

ti me(o 1)= 5

send(o1)
o1(p ) =P1; o1( c)=C ; o1(m)= M

ìLí�î ìLí�ï

ìLí�ð

P1: Proc ess

ch r onos =3

P2: Proc ess

ch r onos =1

C: Chann el

ch r onos =5

ch r onos =1

 M: Message

ch r onos =5

ch r onos =3

receive(o2)
o2(p ) =P2, o 2(c)= C

o2(m) =M

ti me(o 2)= 3

:O ut :O ut

:O ut

: I n : I n

: I n

: St ored

P1: Proc ess

C: Chann el

P2: Proc ess

P1: Proc ess

C: Chann el

P2: Proc ess

Fig.6. A transformationviolating timeorderedness

It canbeobservedhow theconditionof Theorem2 is violated.While (theapplica-
tion of) sendis not sequentiallyindependentfrom receive(a messageobjectis created
by sendand requiredas a preconditionby receive), thereare no graphobjectswith
chronosvalueswrittenby send(assendruleonly writesthechronosof processÕ � ) and
readby receive(whichonly readsthechronosof processÕ � ).

Thesolutionto theproblemis well-known: a timestampis neededto beattachedto
eachmessage(seethe correspondingrule in Fig 7). In termsof graphtransformation
systemswith time, the sendrule needsto write the chronosattribute of the message,
while receiverule is requiredto readthe chronosvalue of the messagein order to
synchroniseits own clock.

This time,our globalmonotonicitytheoremtrivially holds,sincethechronosvalue
of eachmessage objectis writtenby thesendrule andreadby thereceiverule.Thusin
a transformationsequencewherea certainapplicationof sendprecedestheapplication
of receive, the time of receivecannotbe lessthen the time of senddue to the well-
formednessconditions1 and2.
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p: Proce ss

  chron os=c

p: Proce ss

 chrono s=c’

ti me( se nd)=
c’ =c+2

ñvò/óvô

p: Proce ss

 chrono s=c1

ti me( re ceive ) =
c=max (c 1,c2) +2

õRòvö©ò�÷ ø�ò
p: Proce ss

  chron os=c

 m: Message

ch r onos =c’

 c : Channel

 c : Channel

chronos=c

 c : Channel

 m: Message

chronos=c2

 c : Channel

o: Out o: Out

s: Store d

i: I n i: I n

s: Store d

Fig.7. Synchronisationby timestamps

5 Conclusion

We have transferredthemodelof time within ER nets,a kind of high-level Petrinets,
to graphtransformationsystems.Theresultingnotion is a specialcaseof typedgraph
transformation,wherecertainverticesareinterpretedastimevaluesandedgestowards
theseverticesaretime-valuedattributes.

We have discussedsomechoicesand their semanticconsequencesleadingto the
establishmentof a global monotonicitytheorem, which providesa sufficient condition
for the existenceof time orderedtransformationsequences.This theoremgeneralises
the ideabehindfamiliar algorithmsfor establishingconsistentlogical clocksvia time
stampsin distributedsystems[16], which are basedon more specificcomputational
modelssimilar to theexamplein thelastsubsection.

It requiresa deeperanalysisof potentialapplications,in particular, theuseof time
in diagrammatictechniqueslike statechartsor sequencediagramsand their existing
formalisationswithin graphtransformation[7, 12,13,15], to understandif our choices
aretheright ones.

Acknowledgement.We wish to thankLucianoBaresifor his introductionto Petrinets
with time.
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